Resolvent compactness and eigenvalue asymptotics for magnetic Schrodinger operators with exploding potentials(Spectrum, Scattering and Related Topics) by 田村, 英男 & 岩塚, 明
Title
Resolvent compactness and eigenvalue asymptotics for
magnetic Schrodinger operators with exploding
potentials(Spectrum, Scattering and Related Topics)
Author(s)田村, 英男; 岩塚, 明








Resolvent compactness and eigenvalue asymptotics
for magnetic Schr\"odinger







$(D_{4}\equiv-i\partial/\partial x_{J},j=1,2)$ . $a_{i}(x)(j=1,2),$ $V(x)$ $R^{2}$
, $a(x)=(a_{1}(x), a_{2}(x))$ ( ) , $V(x)$ (
) . $\vec{B}(x)$ , $\alpha$
,
$B(x)= cur1a(x)=\frac{\partial a_{2}}{\partial x_{1}}(x)-\frac{\partial a_{1}}{\partial x_{2}}(x)$
. .
(B1) $B(x)arrow\infty$ $(|x|arrow\infty)$ .
, $V\equiv 0$ $L_{0}\equiv L|_{C_{0}^{\infty}(R^{2})}$ $L^{2}(R^{2})$
$L_{0}$ $H$ (i.e. compact resolvent )
([2, 5]). $V(x)arrow-\infty$ $(|x|arrow\infty)$
.
[1] $R^{2}$ $P$ $V=\kappa B$ (\kappa . ) ,
(B1) $\kappa\not\in\{-1, -3, -5, \ldots\}$ $L_{0}$
$H$ . ,











(B2) $\nabla B\equiv(\partial B/\partial x_{1}, \partial B/\partial x_{2})=o(B^{3/2})$ $(|x|arrow\infty)$ ,
(V1) $R_{0}>0,$ $j\in Z$ $(j\geq 0),$ $\delta\in(0,1)$ , $B(x)\geq 1$ ( $\geq R_{0}$ ) ,
(i) $j=0$ $V(x)\geq(-1+\delta)B(x)$ $(|x|\geq R_{0})$ ,
(ii) $j\geq 1$ $-(2j-1+\delta)B(x)\geq V(x)\geq-(2j+1-\delta)B(x)$ $(|x|\geq R_{0})$ ,
(V2) $\nabla V=o(B^{3/2})$ $(|x|arrow\infty)$ .
.
1 (BI)(B2)(V1)(V2) $L_{0}$ $L^{2}(R^{2})$ $H\equiv\overline{L_{0}}$
.
[1] $V=\kappa B$ ( : ) ,
1 [1] (BI)(B2) , $\kappa\not\in\{-(2n-1)|n\in N\}$
$(lV=\{n\in Z|n>0\})$ $L_{0}$ $H$
. ([4,6]) , $\kappa\geq-1$
, $\kappa<-1$ $B$ ( |x|2
) 1
. $\kappa$ $-1$
(i) $\kappa>-1$ $H$ ,
(ii) $\kappa=-1$ $H\geq 0$ ([7] ),
(iii) $\kappa<-1$ $H$ \langle , $\kappa\not\in\{-(2n-1)|n\in N\}$
,
.
, 2 $P$ $V=\kappa B,$ $\kappa\in Z$ $H$
. $s$ \kappa $(|\kappa|\leq 2s)$ ,
(BI)(B2) $P$ .






$N^{+}(\lambda)=\#$ { $H$ $\in(0,$ $\lambda)$ }
$N^{-}(\lambda)=\#$ { $H$ $\in(-\lambda,$ $0)$ }
99
, $\lambdaarrow\infty$ $N^{\pm}(\lambda)$ ( , $\#$
).
1 :
(B3) $m(\lambda)=\mu(\{x\in R^{2}||B(x)|<\lambda\})$ ( $\mu$ Lebesgue ) $\lambda$ $C^{1}$
, $C>1$ $\lambda$
$C^{-1} \lambda^{-1}\leq\frac{m’(\lambda)}{m(\lambda)}\leq C\lambda^{-1}$ .
(V1’) $\sigma\equiv\lim_{|x|arrow\infty}V(x)/B(x)$ , $\sigma\not\in\{-(2n-1)|n\in N\}$ $\sigma<-1$ .
2 $(B1)-(B3),$ $(V1’)(V2)$ $\lambdaarrow\infty$
$N^{+}( \lambda)=\frac{1}{2\pi}\int_{|x|\geq R_{0}}B(x)\#\{n\in N;(2n-1)B(x)+V(x)\in(0, \lambda)\}dx(1+o(1))$,
$N^{-}( \lambda)=\frac{1}{2\pi}\int_{|x|\geq R_{0}}B(x)\#\{n\in N;(2n-1)B(x)+V(x)\in(-\lambda,0)\}dx(1+o(1))$ .
(V1’) $\sigma<-1$ . $\sigma>-1$ $H$
$N^{-}(\lambda)$ $\lambda$ , $N^{+}(\lambda)$ 2
. $[8,3]$ .
4
1 2 , 1
, . , $R^{2}$
1 $\rho(x)=M(x)B(x)^{-1/2}$ . $R^{2}$ $M(x)$
$M(x)arrow\infty,$ $\rho(x)arrow 0$ $(|x|arrow\infty)$ .
: $B_{0}$ Schr\"odinger
$H_{0}(B_{0})=(D_{1}-B_{0}x_{2}/2)^{2}+(D_{2}+B_{0}x_{1}/2)^{2}$
, $U_{\delta}$ L2(R2) : $U_{5}u(x)=\delta u(\delta x)$
$U_{\delta}^{-1}H_{0}(B_{0})U_{\delta}=\delta^{2}H_{0}(B_{0}/\delta^{2})$
. $\delta=B_{0}^{1/2}$ , $B_{0}$ 1 $MB_{0}^{-1/2}$
, 1 1 $M$
$B_{0}$ . $B_{0}$ $B_{0}^{1/2}$
. $x\in R^{2}$ 1 $M(x)B(x)^{-1/2}$
( $M(x)$ )




$\sum_{j=1}^{2}\Vert(D_{4}-a_{4})^{2}u\Vert^{2}+\Vert Bu\Vert^{2}\leq C(\Vert Lu\Vert^{2}+\Vert u\Vert^{2})$ $(u\in C_{0^{\infty}}(R^{2}))$ .
$C$ $u$ .
:
3 $B_{0}>0,$ $V_{0}\in R$
$\Vert X_{1}^{2}u\Vert^{2}+\Vert X_{2}^{2}u\Vert^{2}+\Vert B_{0}u\Vert^{2}\leq C_{0}(V_{0}/B_{0})\Vert(H_{0}(B_{0})+V_{0})u\Vert^{2}$ $(u\in C_{0^{\infty}}(R^{2}))$ .
$X_{1}=D_{1}-B_{0}x_{2}/2,$ $X_{2}=D_{2}+B_{0}x_{1}/2$ ,
$C_{0}( \tau)=const.su^{p}n\in N|\frac{(2n-1)}{(2n-1)+\tau}|^{2}$ .
. $A=X_{1}-iX_{2},$ $A^{*}=X_{1}+iX_{2}$ , $[X_{1}, X_{2}]\equiv X_{1}X_{2}-$
$X_{2}X_{1}=-iB_{0}$
$AA^{*}=H_{0}(B_{0})+B_{0}$ , $A^{*}A=H_{0}(B_{0})-B_{0}$ .
$X_{1}=(A+A^{*})/2$ $X_{1}^{2}=(A^{2}+A^{*2}+2H_{0}(B_{0}))/4$ $\Vert A^{2}u\Vert^{2}=(A^{*2}A^{2}u, u)$
$A^{*2}A^{2}=A^{*}(A^{*}A)A=A^{*}(AA^{*}-2B_{0})A=H_{0}(B_{0})^{2}-4B_{0}H_{0}(B_{0})+3B_{0}^{2}$
$\Vert X_{1}^{2}u\Vert^{2}\leq C(\Vert H_{0}(B_{0})u\Vert^{2}+\Vert B_{0}u\Vert^{2})$
. $X_{2}$ . $\sigma(H_{0}(B_{0}))=\{(2n-1)B_{0}|n\in N\}$
$P_{n}$ $H_{0}(B_{0})$ $(2n-1)B_{0}$





. Min-Max [3] . [3] 2
$q_{1}[u]=(Hu, u)$ Min-Max
, $q_{1}$ . 2
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